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Many-body densities and correlation functions are of paramount importance for understanding
quantum many-body physics. Here, we present a method to compute them; our approach is general
and based on the action of bosonic or fermionic annihilation field operators on the many-body
wavefunction. We analyze N = 6 quasi-one-dimensional harmonically-trapped bosons with weak to
strong contact interaction strength up to the Tonks-Girardeau limit with infinite repulsion using the
MultiConfigurational Time-Dependent Hartree method for indistinguishable particles (MCTDH-X)
and other numerical approaches. We trace the build-up of correlation features in the crossover
from weak interactions to the Tonks-Girardeau limit and find that the higher-order correlation
functions and densities resemble those in the Tonks-Girardeau limit for way smaller interactions
than anticipated from just the one-body density.
Understanding a quantum many-body state implies to
understand the role of correlations. The knowledge of the
correlation functions at all orders is equivalent to solv-
ing the many-body problem [1, 2]. Correlation functions
and their factorization quantify (high-order) coherence
and the degree to which the (many-body) densities are
representable as products of single-particle densities [3–
5]. The degree to which one can extract high order cor-
relations and their information content [6–9] defines our
knowledge about physical models of the many-body sys-
tem.
Correlations have attracted considerable interest in
various fields of physics from early-universe cosmol-
ogy [10] via high-energy physics [11, 12] to imaging [13].
The experimental access to many-body correlation func-
tions of correlated quantum matter [6, 7, 9, 14–20] her-
alds the need for a general theoretical framework to eval-
uate them.
The Tonks-Girardeau (TG) gas is one of the hand-
ful of many-body system for which an analytical solu-
tion is known. Using the Bose-Fermi mapping [21] a
system of bosons interacting via a contact potential in
one-dimension can be mapped onto a non-interacting set
of spinless fermions. This model was widely investigated
theoretically and experimentally approached in the liter-
ature [22–27], but so far high-order many-body densities
and correlations were not reported.
In this Letter, we investigate the fermionization pro-
cess of a few bosons in a one-dimensional (1D) harmonic
trap by means of the high-order many-body densities and
correlations functions. To this end we put forward, verify,
and apply a general approach to numerically obtain these
quantities for general many-body wavefunctions, follow-
ing Ref. [28], that requires solely the application of the
annihilation field operator to the given many-body state.
The results presented here were obtained using the multi-
configurational time-dependent Hartree method for indis-
tinguishable particles (MCTDH-X) [29–31] and we show
that our results are in good agreement with the analyti-
cal predictions for different interaction strengths [32–34]
when applicable.
Typically, wavefunction-based numerical methods rep-
resent the wavefunction with number states (configura-
tions) that are weighted with complex-valued coefficients,
i.e.,
|Ψ(t)〉 =
∑
~n
C~n(t)|~n〉, (1)
providing a multiconfigurational ansatz built from a set
of time-dependent coefficients {C~n(t)} and configurations
|~n〉. These configurations are constructed from a set
of (time-dependent) orbitals {φi}Mi=1 (in the MCTDH-X
method [31, 35, 36]), such that
|~n〉 = N
M∏
i=1
[
bˆ†i
]ni |vac〉. (2)
Here, N =
(∏M
i=1 ni!
)− 12
a normalization constant and
bˆ†j (bˆj) the operator that creates (annihilates) a particle in
the orbital φj(χi). In the following we use χi as a general
coordinate and specify χi = xi for position and spin and
χi = ki for momentum and spin where applicable. The
creation [annihilation] field operator Ψˆ†(χi) [Ψˆ(χi)] can
be expanded in the basis set of orbitals,
Ψˆ†(χi) =
M∑
j=1
bˆ†jφ
∗
j (χi), Ψˆ(χi) =
M∑
j=1
bˆjφj(χi), (3)
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The diagonal of p-body density (p-BD) can be repre-
sented as the expectation value of a product of creation
and annihilation field operators,
ρ(p)(χ1, . . . , χp) =
〈Ψ|Ψˆ†(χ1) . . . Ψˆ†(χp)Ψˆ(χp) . . . Ψˆ(χ1)|Ψ〉. (4)
This p-BD quantifies p-body correlation and coherence.
The diagonal elements of the p-BD give the probability to
find the particles 1, . . . , p at χ1, . . . , χp. The effect of the
interactions on the coherence of the many-body state can
be quantified through the diagonal of pth-order Glauber
correlation function (p-GC),
g(p)(χ1, . . . , χp) =
ρ(p)(χ1, . . . , χp)∏p
i=1 |ρ(1)(χi)|
. (5)
When the p-BD is a product of one-body density then
g(p) = 1 holds and the system is fully coherent; partial
coherence (g(p) 6= 1) is obtained when the p-BD is not
a product of one-body density. The p-GCs thus provide
a spatially-resolved measure of coherence. For the sake
of notational convenience, we will omit the arguments in
the p-BD and p-GC that we keep constant to obtain two-
dimensional or one-dimensional visualizations [cf. labels
g(p)(x1, x2) and ρ(2)(x1, x2) in Figs. 1, 2, 3]. For instance,
in Figs. 1 and 3 we use ρ(p)(x1, x2) also for the cases
where p > 2; we imply the cut ρ(p)(x1, x2, x3 = x
ref
3 , x4 =
xref4 , ...) of the p-BD ρ
(p) [analogously for Figs. 2 and 3
with g(p)(x1, x2)]. We provide the respective reference
values xrefk in the Figure’s caption.
Both, p-BDs and p-GCs, can be evaluated from the
wavefunction and the action of the annihilation field op-
erators, Eq. (3), on it. The reduced wavefunctions of
N − k particles,
|Ψ(k)〉 =
{ |Ψ〉, if k = 0
NkΨˆ(χk)|Ψ(k−1)〉, if k = 1, . . . , N − 1
(6)
can be evaluated by iteratively applying the annihilation
field operator to evaluate successively the coefficients of
the N − k bosons configurations until k = p. The in-
ner product of the reduced N − p bosons wavefunction
provides the p-BD for a set of coordinates {χi}pi=1. If
different sets of coordinates are used for the creation and
annihilation operators the off-diagonal elements of the p-
BDs and p-GCs are obtained. A simpler way to evaluate
the diagonal elements of p-BD uses the conditional den-
sities ρ(j)cond(χj) = 〈Ψ(j)|Ψˆ†(χk)Ψˆ(χk)|Ψ(j)〉 by noticing
[28]
ρ(p)num(χ1, . . . , χp) =
p∏
j=1
ρ
(j−1)
cond (χj). (7)
Here, ρ(0)cond(χ) = ρ
(1)(χ, χ) was used [cf. Eqs. (4) and
(6)]. This provides an efficient and iterative way to eval-
uate the p-BD from a set of conditional lower-order den-
sities; it is not a factorization of the p-BD in terms of
lower-order ones – generally ρ(j)cond(χ) 6= ρ(j)(χ) ∀j > 0.
Note that the above equations hold for general indistin-
guishable particles, i.e., bosons and fermions.
We now consider the Tonks-Girardeau (TG) limit [21],
for which the real-space wavefunction and energy of N
bosons become identical to the real-space wavefunction
and energy of N non-interacting fermions, respectively.
Considering N bosons in an harmonic trap in one dimen-
sion interacting via a contact potential of strength λ, the
Hamiltonian reads,
Hˆ =
1
2
N∑
i=1
[
− ∂
2
∂x2i
+ x2i
]
+ λ
N∑
i<j
δ(xi − xj). (8)
This system has the advantage that for λ→∞ the Bose-
Fermi mapping provides an analytically exact solution
for the wavefunction,
ΨTG(x1, . . . , xN ) =
∏
1≤j<l≤N
sgn(xj − xl)ΨF (x1, . . . , xN )
= |ΨF (x1, . . . , xN )|. (9)
Here, ΨF (x1, . . . , xN ) = 1√N ! det [φ0(x1) . . . φN−1(xN )]
is the wavefunction of N non-interacting fermions and
sgn(x) is the sign function. For a harmonic trap of fre-
quency ω = 1, the orbitals {φn(x)}N−1n=0 , in the Slater
determinant, read φn(x) = (2nn!
√
pi)−
1
2Hn(x)e−
x2
2 and
Hn(x) the Hermite polynomials. Here, we considerN = 6
bosons. The analytical p-BD, ρ(p)TG, is obtained integrat-
ing |ΨTG(x1, . . . , xN )|2 in N − p coordinates.
We now apply our approach and compute the p-BDs
from the MCTDH-X wavefunction (see also S1 in [37]).
Fig. 1 depicts a comparison of the results obtained for
ρ
(p)
num and ρ
(p)
TG for 2 ≤ p ≤ 6. The p-BD provides the
probability of detecting particles at the position x1 and
x2, given that the remaining p − 2 particles are fixed at
some chosen reference positions (see caption of Fig. 1).
For fermionized bosons, the diagonal of the high-order
p-BD ρ(p)(x, x) vanishes. This so-called correlation hole
results from the infinite (or large for numerical results)
value of the interaction strength that mimics the Pauli
principle, preventing to find two bosons at the same posi-
tion. Moreover, ρ(p)(x1, x2) remains localized at the cen-
ter of the trap, |xi| . 3.5, because of the finite energy of
the system ETG = N
2
2 for λ→∞. The maxima are well
defined in a peaked structure, indicating the localization
of the atoms in position space. The maxima are either
along the anti-diagonal (x1 = −x2), the bosons maxi-
mize the distance between each other, or along the sub-
diagonal, to minimize the potential energy. For p > 2,
correlation holes additionally appear at the fixed values
3Figure 1. Many-body densities ρ(p), with p = 2, . . . , 6 for
N = 6 bosons in the Tonk-Girardeau limit λ → ∞. The
p-BDs are symmetric with respect to the diagonal, x1 =
x2 (dashed red line). The numerical results are obtained
with MCTDH-X for M = 24 orbitals and a contact in-
teraction strength λ = 1500 and are depicted on the up-
per diagonal (x2 > x1). The analytical results, obtained
using the Bose-Fermi mapping [see Eq. (9) and text be-
low] are on the lower diagonal (x1 > x2). For p > 2,
the p-BDs are plotted fixing all coordinates except two, i.e.
ρ(3)(x1, x2, 0), ρ(4)(x1, x2, 0, 0.47), ρ(5)(x1, x2, 0, 0.47, 1.03)
and ρ(6)(x1, x2, 0, 1.03, 1.5, 2.53). The thin black isolines on
the plot of ρ(p) are equally spaced by 0.15 for p ≤ 4 and 0.1
for p > 5. On the error plot, the isolines are separated by
0.005, except for p = 6 where 0.0005 is used.
of the remaining p− 2 coordinates of ρ(p), preventing to
find other bosons at these positions.
The numerical and analytical results are in very good
agreement, concerning both the amplitude and the fea-
tures of ρ(p) for all orders, with an error, |∆ρ(p)|2 =
|ρ(p)num(x1, x2) − ρ(p)TG(x1, x2)|2, that remains below 2 ×
10−2. An analysis of the differences between ρ(p)num and
ρ
(p)
TG shows that ρ
(p)
num maxima and minima appear at
slightly shifted values of x1 and x2 compared to the an-
alytical ones. These shifts (also observed in the den-
sity, see S2 in [37]) yield the largest values of |∆ρ(p)|2.
Generally, the underestimation of the correlation in the
MCTDH-X wavefunction predicts atom’s positions fur-
ther apart in comparison to the analytical wavefunction.
Despite that the TG limit is particularly challenging for
the MCTDH-X ansatz Eq. (1), quantitative information
can be extracted from the numerical evaluation of the
p-BDs from Eq. (7), which relies solely on the accuracy
of the wavefunction.
The p-GC are evaluated using Eq. (5) and provide
spatially-resolved information about the coherence of the
system. A comparison of g(p)(x1, x2) between analytical
(lower triangle) and numerical (upper triangle) results for
Figure 2. Glauber correlation functions g(p) [Eq. (5)] for
N = 6 bosons in the Tonks-Girardeau limit. The p-GC are
symmetric with respect to the diagonal, x1 = x2 (dashed red
line), thus numerical results, obtained with MCTDH-X using
the same parameters than in Fig. 1, are depicted on the up-
per diagonal (x2 > x1), the analytical results are on the lower
diagonal (x1 > x2). For p > 2. We fix some coordinates in
the p-GC analogous to the p-BD, see caption of Fig. 1.
2 ≤ p ≤ 6 is provided in Fig. 2. The MCTDH-X wave-
function overestimates coherence, but – not surprisingly
– the correlation holes remain in the p-GC. The two- and
three-body coherence remains (g(p) ∼ 1 for p = 2, 3),
while the higher-order many-body coherence diminishes
as the order is increased for the cuts presented (g(p) < 0.6
for p = 4 and g(p) < 0.4 for p = 5, 6). The coherence ob-
served in low-order p-GC can be explained by the popula-
tion of the first natural orbitals that scales as ∼ √N [38].
The discussion about the differences between the analyt-
ical and numerical results on p-BD remain true for the
p-GC. Note that similar numerical errors in the position
of maxima and minima appear for the 1-BD as well as
the p-BD, the numerical p-GC reproduce the features of
the exact p-GC particularly well.
In the Tonks-Girardeau limit, analytical results are
available, and thus numerical methods are not strictly
necessary in this regime. The purpose of numerical meth-
ods is to investigate many-body systems when analytical
results are unknown. It is important to assess the ac-
curacy of numerical approximations where no analytical
solutions are available. To this end, we confirm the accu-
racy of the MCTDH-X approach in a benchmark using
the correlated pair wavefunction method [33, 34] and for
a wide range of interactions in [37], S3.
Assured by the accuracy of our approach, we now in-
vestigate the build-up of correlations in the crossover
from weak to strong interactions. In Fig. 3 we report the
many-body densities and correlations, respectively, for
λ = 0.1, 1, 5 and 20. For weak interactions (λ = 0.1) the
4Figure 3. Two-dimensional cuts of the p-BD ρ(p)(x1, x2) (first
two columns) and p-GC g(p)(x1, x2) (last two columns), with
p = 2 and 4 for N = 6 bosons for different interaction strength
λ from 0.1 to 20 (rows). The results are obtained using
MCTDH-X withM = 22 orbitals for 0.1 ≤ λ ≤ 5 andM = 24
for λ ≥ 20. For order p > 2, the p-BD and p-GC are plotted
fixing all coordinates except two. For λ ≤ 0.1 the coordinates
are all fixed at xrefi = 0, for λ ≥ 1 the coordinates are fixed
to xref3 = 0, x
ref
4 = 0.47. To avoid numerical errors, the plot
of the p-GC was restricted to coordinates (x1, x2) where the
denominator of Eq. (5) was larger than 10−10.
p-BDs remain Gaussian-like for all orders, see also [37]
S4. The effects of the interactions are only grasped in the
p-GC that exhibit a loss of coherence, even for λ = 0.1,
when more atoms are fixed at xref = 0, indicating that
the atoms’ positions depend on each other. For λ = 1,
ρ(2)(x1, x2) starts to exhibit a square shape at the center
of the trap and the diagonal starts to be depleted. When
λ is increased to 5, the correlation hole on the diagonal is
formed and ρ(2)(x1, x2) reaches out to coordinates where
the potential has larger values, while for λ = 20 the peak
structure appears similar to the TG results. For higher-
order, g(p) with p > 2, correlation holes become more
pronounced as the p-BDs gradually converge to the TG
limit.
The second-order p-GC reveal that the coherence is
maintained (g(2) ∼ 1) across the whole system for
λ ≤ 5, with g(2)(x1, x2) ∼ 1. For λ = 20 bunching
(g(2)(x1, x2) > 1) emerges for specific x1 6= x2 with a
spatial structure that is similar to the TG limit (com-
pare 2 and 3), indicating the localization of the atoms.
For higher orders, g(p)(x1, x2), with p > 2 we see that for
λ = 1 correlations holes are not yet formed properly, but
the spatial structure of correlations is similar to the TG
limit. The difference with the TG limit becomes much
smaller for λ = 5 and almost vanishes for λ = 20.
For strong interactions, our results for the p-BD and p-
GC resemble the expected results from the TG regime for
strong interactions, while the dimensionless total energies
are still rather different from the TG limit – 13.2, 17.13
and 18 for λ = 5, 20 and ∞, respectively. For λ = 5, the
features of p-BD and p-GC are still distinct from the TG
limit, but for λ = 20 it may be rather difficult to exper-
imentally distinguish between finite interactions and the
TG limit. Inherent experimental inaccuracies arise from
the shot noise of finite-particle-number-systems and from
the finite number of single-shot images available to mea-
sure high-order p-BDs and p-GCs. Nonetheless, spatially
resolved p-BD and p-GC should be possibly obtained ex-
perimentally for Tonks gas [39, 40].
We introduced a general method to compute the p-BD
and p-GC of any order for general many-body states in
second-quantized representation including, for instance,
exact diagonalization of Bose-Hubbard models [41, 42],
the density matrix renormalization group methods re-
viewed in Refs. [43, 44], or other methods in the MCTDH-
X family [45–48]. As an application, we first bench-
marked and then explored the p-BD and p-GC of a few
bosons in the crossover from weak interactions to the
Tonks-Girardeau limit of infinite repulsion. We demon-
strate that the higher-order correlation functions and
densities resemble those in the Tonks-Girardeau limit for
way smaller interactions than anticipated from just the
one-body density.
Our present approach thus opens up a new way to ex-
plore many-body physics in great detail in an hitherto
under-explored field that became only recently accessi-
ble experimentally [6–9]. Many applications are viable:
the many-body correlations of vortices [49], bosons in
double well potentials [50], tunneling to open space [51],
with long-range interaction [52, 53], multi-component
bosons [54] bosons immersed in high-finesse optical cav-
ities [55], or trapped fermions [56].
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In this Supplementary Information we introduce the
multiconfigurational time-dependent Hartree method for
indistinguishable particles (MCTDH-X) in Sec. , we
present the results obtained for the one-body density in
position and momentum space in Sec. , we compare the
results of the MCTDH-X method to the correlated pair
wavefunction approach in Sec. and we provide comple-
mentary results for the crossover from weak to strong
interaction in Sec. S4.
MULTICONFIGURATIONAL
TIME-DEPENDENT HARTREE METHOD FOR
BOSONS
In the main text, we use the Multiconfigurational time-
dependent Hartree method for bosons [1–5] (MCTDH-B)
implemented in the MCTDH-X software [6–9]. MCTDH-
B is a wavefunction-based approximation to solve the
time-dependent many-body Schro¨dinger equation. The
MCTDH-B method relies a multiconfigurational ansatz
to approximate the many-body wavefunction,
|Ψ(t)〉 =
Nconf∑
~n
C~n(t)|~n; t〉, (1)
where C~n(t) are the time-dependent expansion coeffi-
cients in the basis of the time-dependent configurations
|~n; t〉. For bosons, each configuration is a permanent,
i.e., a fully symmetric arrangement of N particles in a
set of M time-dependent orbitals {φi(x, t)}. In turn, the
orbitals are expressed in a time-independent or prim-
itive basis. The equations of motion for the time-
dependent orbitals and coefficients are obtained via the
time-dependent variational principle [10]. Both, the co-
efficients and the orbitals are optimized at all points in
time to minimize the error with respect to the exact wave-
function. In principle, for a sufficiently large number of
orbitals the MCTDH-B wavefunction, Eq. (1), converges
to the exact wavefunction [7, 11–13]. The number of or-
bitals needed to converge a calculation depends on the
physical problem considered.
MCTDH-B was introduced to solve time-dependent
problems but using Wick’s rotation t → −iτ , i.e., a
propagation with imaginary time, the ground state of the
Hamiltonian considered can be obtained using an initial
guess. In the main text, we consider the ground state
of N = 6 bosons in the Tonks-Girardeau limit, i.e., we
approach the limit of bosons with infinite repulsion, cf.
Figs. 1 and 2 in the main text. The results in the main
text were obtained with M = 24 orbitals expressed in a
plane wave (FFT) primitive basis with 256 basis func-
tions and a spatial domain of [−12, 11.9].
DENSITY IN POSITION AND MOMENTUM
SPACE
Here we compare the density, ρ(x) =
〈Ψ|Ψˆ†(x)Ψˆ(x)|Ψ〉, obtained from MCTDH-B calcu-
lations to analytical results. As in the main text, we
consider N = 6 bosons in the Tonks-Girardeau limit, i.e.,
with infinitely strong repulsive contact interactions. The
density in position space can be obtained analytically
(see main text) in this limit and can thus be used to
assess the accuracy of numerical calculations. In Fig. S1,
we can see that increasing the number of orbitals in
MCTDH-B computations makes the density closer to
the exact one. Due to the non-analytical sign function
[cf. main text Eq. (9)] the results remain substantially
different even for M = 24 orbitals.
Nonetheless, the salient features of the density are ob-
tained for all numbers of orbitals depicted, i.e., there are
as many peaks as particles and the density is centered
at the minimum of the harmonic trap at x = 0. In-
terestingly, the MCTDH-B density minimizes the energy
by increasing the spacing between the bosons (peaks) as
compared to the exact density. This suggests that the
number of orbitals remains too small to capture the cor-
relation between the bosons entirely.
In momentum space, the density, ρ(k) =
〈Ψ|Ψˆ†(k)Ψˆ(k)|Ψ〉, is known to exhibit a cusp at
k = 0 [14, 15]. This cusp is specific to bosons in
the Tonks-Girardeau limit; the momentum density of
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2FIG. S1. Density ρ(x) for N = 6 bosons in the Tonk-
Girardeau limit λ → ∞. The analytical result (thick black
line) is compared to numerical results obtained with MCTDH-
X for M = 12 to 24 orbitals, with λ = 1500. By increasing
the number of orbitals, the density resembles the analytical
results more and more, but does not completely converge to it
for M=24. More orbitals are needed at this strong interaction
for a higher degree of convergence.
FIG. S2. Density ρ(k) for N = 6 bosons in the Tonk-
Girardeau limit λ → ∞. The numerical results are obtained
with MCTDH-X for M = 12 to 24 orbitals, with λ = 1500.
For an increasing number of orbitals, the cusp at k = 0 in the
density appears.
non-interacting fermions is generally different from the
momentum density of bosons in the Tonks limit.
COMPARISON WITH THE CORRELATED PAIR
WAVEFUNCTION APPROACH
In the correlated pair wavefunction approach [16, 17],
the many-body wavefunction is expanded using parabolic
cylinder functions Dµ,
ΨCP (x1, . . . , xN ) = C
P∏
j<l
Dµ(β|xj − xl|)e−NR
2
2 , (2)
Here P = N(N−1)2 is the number of distinct pairs, R =
1
N
∑N
i=1 xi is the center of mass, C is a normalization
constant and the two parameters β =
√
2
N and µ solve
the transcendental equation,
λ
β
= −2
3/2Γ( 1−µ2 )
Γ(−µ2 )
,
fixed by the boundary condition at |xj − xl| = 0. This
wavefunction is exact for λ = 0 and λ → ∞ and was
shown to provide consistent results compared to numeri-
cal methods for few particles for the energy and the den-
sity of the ground state.
The high-order density matrices, ρ
(p)
CP , are obtained from
the numerical integration of the CP wavefunction over
N − p coordinates. To easily compare with the results
obtained with MCTDH-X, we introduce the the relative
difference,∫ L
−L
|ρ(p)CP (x1, . . . , xp)− ρ(p)num(x1, . . . , xp)|dx1dx2. (3)
Here, L defines the grid used for the computations and
p−2 coordinates are fixed at reference values. The results
obtained for different interaction strengths from 0.01 to
100 are reported in Fig. S3.
For weak interactions, λ ≤ 0.1, the agreement be-
tween the MCTDH-X and CP results is very good for
the fourth-, fifth- and sixth-order density depicted in
Fig. S3. The discrepancy increases for larger values of
1 ≤ λ ≤ 5. It reaches a maximum and decreases again
for λ > 5. This comparison shows that for weakly in-
teracting bosons, the MCTDH-X method provides accu-
rate results as the CP approximation was shown to be
accurate for the weakly interacting regime. Moreover,
the different numbers of orbitals (12 ≤ M ≤ 22) do not
affect the results much; thus, the calculations are very
close to converged. The relative difference between the
TG prediction and the CP approach lies below 0.05 for
λ = 100; accurate results are expected for the CP ap-
proach in this regime. The relative differences obtained
from the comparison of MCTDH-X with M = 22 and
the CP approach lie around 0.15, slightly larger than for
λ = 0.1. The different number of orbitals provide dif-
ferent relative differences, but the accuracy for M = 22
very good.
The most interesting results of this comparison are ob-
tained for the intermediate interaction strength 1 ≤ λ ≤
5. For these interactions the values of the relative differ-
ence are the highest for all orders p of the density. More-
over, the number of orbitals used seems to be sufficient
3FIG. S3. Relative difference between ρ
(p)
CP , obtained using
the CP wavefunction [see Eq. (2)], and ρ
(p)
num obtained us-
ing MCTDH-X [see Eq. (7) in the main text] using M =
12, 18, and 22 orbitals, indicated in square brackets. The fig-
ure shows the relative difference [see Eq. (3)] for the orders
p = 4, dotted-dashed line [purple], p = 5, full line [orange]
and p = 6 dashed line [blue] as a function of the interac-
tion strength 0.01 ≤ λ ≤ 100. The black arrow indicates
the relative difference between ρ
(p)
CP and ρ
(p)
TG for λ = 100 and
4 ≤ p ≤ 6, that lies on the thickness of the arrow. The purple
arrow indicates the relative difference between ρ
(p)
num[M = 24]
and ρ
(p)
TG for λ = 100 and p = 4, and the blue arrow for
p = 5 and 6. The reference positions are chosen as x3 = 0,
x4 = 0.46875, x5 = 1.03125 and x6 = 1.5.
to converge the MCTDH-X calculations, because the re-
sults are only slightly different for all cases considered,
12 ≤ M ≤ 22. Thus, these results indicate that the CP
approach is less accurate than MCTDH-X for this range
of interactions, explaining the large values for the relative
difference. To support this conclusion, we plot a cut of
the density ρ(p) for 4 ≤ p ≤ 6 in Fig. S4. We can see that
for small relative differences, i.e. λ ≤ 0.1 and λ ≥ 20,
the MCTDH-X results converge to the CP results by in-
creasing the number of orbitals. But for 1 ≤ λ ≤ 5, the
MCTDH-X results do not converge to the CP density, but
to other values. Thus, by virtue of the variational prin-
ciple, these results show that the MCTDH-X gives more
accurate results than the CP approach for this regime of
interactions.
FIG. S4. One-dimensional cut of the high-order density ρ
(p)
CP
using the CP wavefunction, dashed line, for p = 4 in purple,
p = 5 in red and p = 6 in blue. The shaded (colored) ar-
eas indicate the value of ρ
(p)
num obtained with MCTDH-X for
different numbers of orbitals thin full lines (see text for the
values of M), same color code as ρ
(p)
CP . The inset in λ = 0.1
shows the value of ρ
(5)
num at the cusp in x = 0 as a function of
the number of orbitals.
4COMPLEMENTARY RESULTS FOR THE
CROSSOVER FROM WEAK TO STRONG
INTERACTIONS
Here, we provide additional results for the crossover
between weak to strong interaction presented in the main
text, in which orders p = 2 and 4 of the many-body
density (p-BD) ρ(p)(x1, x2) and Glauber correlation (p-
GC) g(p)(x1, x2) are presented. In Fig. S5, we report the
p-BD and the p-GC for p = 3, 5 and 6, for the interaction
strength λ = 0.1, 1, 5 and 20. For weak interaction (λ =
0.1) the p-BDs remain Gaussian-like for all orders. For
p ≥ 5 the effects of the interactions appear in the p-BDs
and detecting additional atoms at xref = 0 becomes less
likely. This effect is better grasped in the p-GC that
exhibit a loss of coherence when more atoms are fixed at
xref = 0. For λ = 1, the diagonal starts to be depleted
at all orders p, as observed in the p-BDs and the p-GCs.
The p-BDs remain clearly different to the Tonks gas limit
while the features of p-GCs are rather similar despite
their smaller values. When λ ≥ 5, the correlation holes
in the p-BD and the p-GC are formed at all orders and
the results become increasingly similar to the TG limit.
5FIG. S5. Two-dimensional cuts of the p-BD, ρ(p)(x1, x2), (first three columns) and p-GC, g
(p)(x1, x2), (last three columns)
with p = 3, 5 and 6 for N = 6 bosons for different interaction strength λ from 0.1 to 20 (rows). The results are obtained
using MCTDH-X with M = 22 orbitals for 0.1 ≤ λ ≤ 5 and M = 24 for λ ≥ 20. The p-BD and p-GC are plotted fixing all
coordinates except two. For λ ≤ 0.1 the coordinates are all fixed at xrefi = 0, for λ ≥ 1 the coordinates are fixed to xref3 = 0,
xref4 = 0.47, x
ref
5 = 1.0 and x
ref
6 = 1.5. To avoid numerical errors, the plot of the p-GC was restricted to coordinates (x1, x2)
where the denominator of Eq.(5) (main text) was larger than 10−10.
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